In this study, the effect of thermal radiation on micro-polar fluid flow over a wavy surface is studied. The optically thick limit approximation for the radiation flux is assumed. Prandtl's transposition theorem is used to stretch the ordinary coordinate system in certain directions. The wavy surface can be transferred into a calculable plane coordinate system. The governing equations of micro-polar fluid along a wavy surface are derived from the complete Navier-Stokes equations. A simple transformation is proposed to transform the governing equations into boundary layer equations so they can be solved numerically by the cubic spline collocation method. A modified form for the entropy generation equation is derived. Effects of thermal radiation on the temperature and the vortex viscosity parameter and the effects of the wavy surface on the velocity are all included in the modified entropy generation equation.
Introduction
In recent years, the heat convection of wavy surfaces has been studied extensively because of its wide practical applications. Yao [1, 2] proposed a simple transformation to study the natural convection heat transfer of isothermal vertical wavy surfaces, e.g., sinusoidal surfaces. Using transformation, the boundary layer equations of natural convection in Newtonian fluids can be solved by a numerical finite difference method. Results show that the local heat transfer rate varies periodically along the wavy surface, with a frequency equal to twice the frequency of the surface. Study of natural convection and study of mixed convection along a vertical wavy surface was provided by Moulic and Yao [3] . They showed that the total mixed convection heat flux along a wavy surface is smaller than that of a flat surface. Yao [4] showed that the enhanced total heat-transfer rate seems to depend on the ratio of the amplitude and wavelength of a surface. Wang and Chen [5] studied the rates of heat transfer for flow through a sinusoidally curved converging-diverging channel. Results showed that flow through a periodic array of wavy-wall channels forms a highly complex pattern which is composed of a strong forward flow and an oppositely directed recirculating flow with each wave. Micro-polar fluids possess certain microscopic effects that come from local structure and micro-motion of the fluid [6] [7] [8] [9] , and can be used to study the behavior in fluid media such as polymeric fluids, liquid crystals and animal blood. Wang and Chen [10] [11] [12] studied micro-polar fluids and heat convection, showing that the harmonic curves for the local skin friction coefficient and the local Nu have the same frequency as the frequency of the wavy surface. Moreover, the vortex viscosity parameter tends to decrease the heat transfer rate and to increase the skin friction coefficient. Additionally, literature regarding non-Newtonian fluids such as Lien et al. [13, 14] , Yang et al. [15] , Chen et al. [16] and Wang [17] , are available for different thermal conditions and field effects. The above studies show that the heat transfer of an irregular surface is a topic of fundamental importance and is encountered in heat transfer systems such as flat plate solar collectors, condensers in refrigerators and fins used to enhance the rate of heat transfer in electronic equipment cooling systems. Lien et al. [18] studied heat transfer in a plate fin, showing that the modified local heat transfer coefficient is determined by a highly coupled interaction among the fin conduction, radiation and fluid convection flow, assuming the optically thick limit approximation for radiation flux. The optically thick approximation for radiation flux was derived by Rosseland [19] . Many studies have used this approximation, e.g., Novotny and Yang [20] who discussed the role of the optically thick approximation in convection-radiation interaction situations. Chen and Ozisic [21] studied radiation with free convection in absorbing, emitting and scattering media. Hossain and Takhar [22] studied radiation effects on mixed flow along a heated vertical flat plate with the Rosseland diffusion approximation. Elsayed [23] studied thermal buoyancy and thermal radiation effects on the development of a boundary layer flow past a horizontal plate, with emphasis placed on energy conservation and efficient use of energy. Analysis of thermodynamic irreversibility appears to be increasingly important [24] [25] [26] [27] [28] . From an engineering viewpoint, thermodynamic irreversibility is particularly applicable in the analysis of complex thermal systems [29] . The analysis of thermodynamic irreversibility enables us to identify the irreversibility associated with various components and avoid loss of available power [30] . This information can be employed to design thermal systems, guide efforts to reduce sources of irreversibility in engineering systems, estimate the cost of engineering systems and optimize complex systems [31] [32] [33] [34] [35] . In view of the above, it is seen that wavy surface analysis in the literature tends to focus on the first law of thermodynamics. On the other hand, it is seen that thermodynamic irreversibility is also a topic of importance. This present work focuses on enhanced modeling of entropy generation due to micro-polar fluid flow along the wavy surface including radiation effect.
Mathematical Formulation
Consider a two dimensional semi-infinite wavy surface that is placed in a fluid field of temperature = T . The wavy surface and the outside free stream are parallel. Additionally, the surface-temperature is maintained as T w . The formula of the wavy surface can be described as:
In this formula, Ɨ is the amplitude of the wavy surface and L is the length of a surface wave. Figure 1 illustrates the physical module and coordinate system. 
L
The governing equations for micro-polar parameter under consideration can be written as:
(5b)
The optically thicken limit approximation for the radiation flux is:
where ı is the Stefan-Boltzman constant, Į r is the extinction coefficient, q r is the radiation heat flux. v 3 is the micro-rotation component and C P is the specific heat of the fluid at constant. Now the dimensionless variables are defined as:
The transformed variables are:
By substituting the dimensionless and transformed variables into Equations (2)- (5) and then transforming the wavy surface into flat surface by Prandtl's transposition theorem [2] , then letting ∞ → Re (boundary layer approximation), the transformed equations can be given as:
Equation (9) 
Eliminating y p∂ ∂ between Equations (8) and (9) and using Equation (11) gives:
with the x, y, u, v and N variables defined as:
Then Equations (7), (12), (10a) and (10b) can be transformed into, respectively:
The corresponding boundary conditions are:
Next the inviscid flow along the wavy surface is obtained. The inviscid solution here is valid only for small values of the amplitude-wave length ratio. The potential-flow solution U w (x) for small values of Į (<<1) was reported by Moulic et al. [36] . U w (x) can be expressed as:
Removing the singular point in the integral by the residue theorem, Equation (15a) can be written as:
For a two-dimensional Cartesian system, the local entropy generation rate is: According to Bejan [37, 38] , the dimensionless entropy generation equation is the entropy generation number which is the ratio of the volumetric entropy generation rate to the characteristic entropy generation rate. Thus, from Equation (16a), the entropy generation number can be expressed as:
where the characteristic entropy generation rate is K f (ǻT/T L) 2 , N H is the heat transfer irreversibility, N F is the fluid friction irreversibility and N F /N H is the irreversible distribution rate (ĳ) presented by Bejan. Thus, the Bejan number can be written as [28, 39] :
The Bejan number has a value between 0 and 1. If the Bejan number equals 0, then irreversibility is dominated by fluid friction. If the Bejan number equals 1, then irreversibility is dominated by heat transfer. Friction and heat transfer irreversibility are the same when the Bejan number equals 0.5.
Numerical Method
An improved version of the cubic spline collocation method [40] is used to perform numerical computation in this study [41] . Using cubic spline collocation, Equations (14a)-(14d) can be written as: 
where the values F, G and S are known coefficients evaluated at previous time steps, i and j are computational nodes, n refers to the time step, ĭ represents u and ș are as shown in Table 1 . When combined with cubic spline relations, Equation (17a) can be written as:
The Thomas algorithm is then used to solve Equation (17b). 
Results and Discussion
An accuracy test of grid fineness is made for grids of 100 × 20, 100 × 50, 100 × 150, 25 × 50, 50 × 50 and 100×50. Results are listed in Table 2 . In this study we use a 100 × 50 nonuniform grid with smaller spacing of the mesh points in the neighborhood of the fluid-solid boundary in the y direction. In order to verify the accuracy of the solution, numerical results are obtained for Newtonian fluid flow over a flat plate (Į = 0). The N H and N F results from Equation (16b) are found to be in good agreement with results of previous study [42, 43] . Although Figure 2 , does not include any variation, it is included in order to verify the accuracy of the solution, since it demonstrates good agreement with results from the Chen et al. [43] . In addition, Figure 2 shows that the Bejan number for a flat plane is 0.5, which means that both of heat transfer and flow friction contribution to entropy generation are in the same level. In order to solve Equations (14a)-(14d), Simpson's integral is applied to calculate the value of U w (x) in Equation (15b). As shown in Figure 3 , while ascending along the wavy surface (slope S' is positive from trough to crest), the flow accelerates and the pressure gradient is negative; while descending along the wavy surface (slope S' is negative from crest to trough), the flow decelerates and the pressure gradient is positive. Thus U w (x) varies periodically along the surface with a frequency equal to that of the wavy surface and increases with increasing amplitude-wave length ratio. The pressure distribution has a frequency equal to that of the wavy surface. The maximum and minimum values of the pressure gradient occur at the points of inflection of the wavy surface, and the pressure gradient tends to increase as the amplitude-wave length ratio increases. Referring to Figure 4 , it is observed that the amplitude of N H increases with increasing x. It is seen that increasing the value of N R leads to a shift of the N H curve upwards. The results indicate that increasing N R leads to increased temperature distribution, and also to enhanced entropy generation due to heat transfer of the flow field. Figure 5 shows that increasing N F has no effect with regard to increasing N R . This is because the values of both R and N R are not coupled and the value of Br/ȍ is constant. In other words, when the value of N R is increases, the heat flux of thermal radiation is absorbed into the fluid. Although the temperature of the fluid is increases with increasing N R , phase change does not take place in the micro-polar fluid. In consequence, the total fluid viscosity value and the entropy generation value due to fluid friction are constant. Figure 5 shows that the value of N F in a micro-polar fluid tends to decrease rapidly near the leading edge as the fluid moves downstream, which is different than the behavior for Newtonian fluids. The behavior is the same as that observed by Wang [10] in his study of micro-polar fluids. Figures 4 and 5 show that as the vortex viscosity parameter R increases, N H decreases and N F increases. This is because an increase in the vortex viscosity results in an increase in the total viscosity of fluid flow, inducing increased N F due to fluid friction and decreased N H due to heat transfer. It is observed that the amplitude of N H and N F increase with increasing x. Figure 6 shows that when the value of N R equals zero, then the crests of the N S harmonics when R equals 5 are larger than when R equals 1, and the crests of the N S harmonics increase with an increasing values of N R . It is also seen that when the value of N R equals 1, then the crests of the N S harmonic when R equals 5 are smaller than when R equals 1. The reason for this behavior is that the N H harmonics trend to increase but the N F harmonics remain unchanged when N R increases. It is observed that the amplitude of N S increases with increasing x, which corresponds to the behavior of the harmonics of N H and H F . This phenomenon can be understood from the fact that entropy in the system trends to increase with increasing x. In addition, the harmonics of N H , N F and N S show a periodic variation with a frequency equal to the frequency of the wavy surface, but their maximum and minimum values do not occur exactly at the crests and troughs of the wavy surface. Note that for a complete cycle (1 < x < 2), the maximum value occurs at x = 1.35, not at the crest of the wavy surface (x = 1.5), and the minimum value occurs at x = 1.85, not at the trough of wavy surface(x = 2).
From Figure 7 , in addition to the first crest of the Be harmonic, it is found that the crests of the Be harmonic are larger than 0.5 when R equals 1 and N R equals 0 (no thermal radiation), which means that heat transfer dominates entropy generation at the crests of the wavy surface when when R equals 1. However, it is seen that the crests the of Be harmonic are smaller than 0.5 when R equals 5 and N R equals 0 (no thermal radiation). This indicates that friction dominates entropy generation in the crests of the wavy surface when R equals 5. In addition, the Be harmonics are larger than 0.5 when N R is over 0.5, which means that as the value of N R increases, the thermal radiation heat flux is absorbed into the fluid, which then leads to enhanced entropy generation due to heat transfer of the flow field, hence heat transfer dominates entropy generation over the wavy surface. For a complete wave (0.5 < x < 1.5), as seen in Figure 8 , the temperature of fluid motion in a trough is higher than in a crest, and the temperature of fluid motion in the troughs and crests increases with increasing N R . Figure 9 shows that increasing N R has no effect on the velocity of both crests and troughs, although the velocity of fluid motion in troughs is lower than in crests. This is because when the value of N R increases, the thermal radiation heat flux is absorbed into the fluid. Although the temperature of the fluid increases with increasing N R , phase change does not take place in the micro-polar fluid, hence the value of total fluid viscosity remains constant. The y axial distribution of micro-rotation N is shown in Figure 10 . The micro-rotation gradient of N along the y direction is positive when y > 2. However, close to the wavy surface, the micro-rotation gradient of N along the y direction is negative. In other words, a negative micro-rotation gradient trends to retard the velocity of fluid motion near the plate, but a positive micro-rotation gradient accelerates the velocity of fluid motion away from the wavy surface, hence the velocity of fluid motion in a trough is lower than at a crest. 
Conclusions
In this paper, the effect of thermal radiation on micro-polar fluid flow over a wavy surface has been studied. A modified form of the entropy generation equation has been derived. Effects of thermal radiation on the temperature and the vortex viscosity parameter, and the effect of the wavy surface on the velocity are all included in the modified entropy generation equation. The general results of this investigation are summarized as follows. When the value of R remains constant, then N R has no effect on the relation between R and N F . That is because the values of N R and R are not coupled, and the value of Br/ȍ is constant. In other words, with increasing value of N R , the thermal radiation heat flux is absorbed into the fluid. Although the temperature of the fluid increases with increasing N R , phase change does not take place in the micro-polar fluid, so the value of fluid total viscosity remains constant and entropy generation due to fluid friction is maintained at a constant level. From the results and discussion, moreover, it is seen that when N R increases, the thermal radiation heat flux is absorbed into the fluid, which leads to enhanced entropy generation due to heat transfer of the flow field, so heat transfer dominates entropy generation for the wavy surface. In addition, it is seen that a negative micro-rotation gradient trends to retard the fluid velocity near the plate, but a positive micro-rotation gradient accelerates the velocity of fluid motion away from the wavy surface, hence the fluid velocity in the troughs is lower than at the crests.
